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Abstract
In this comment it is pointed out that the perturbative dynamics of general mas-
sive field theories can be mapped to delimited sums of determined integral functions.
The limits on the sums are the remaining obstacle to finding the general g-loop, or
derivative expanded, form of the scattering.
In previous works the classical scattering of scalar and gauge field theories has
been formulated with the use of partitions of numbers [1],[2]. The use of the classical
scattering has been used in the formulation of the perturbative quantum dynamics
[3],[4]. There are simplifications in the quantum scattering with the use of the deter-
mined integral functions, presented in [3]. The content of this letter is to show that
the perturbative dynamics of a general massive theory can be reduced to the, as yet
delimited, sums of numbers parameterizing the products of these integral functions.
In massive φ3 theory, with coupling g, the scattering takes on the form [3],
gLmq
∏
s
nij
ij
∑∏
i
B(ni, mi, wi) , (1)
with the parameters ni, mi and wi. There are conditions on the sum which depend on
the loop order L and the kinematic configuration of nij . The B functions are integral
moments defined and calculated in [2].
The simplest example is symmetry breaking in QED,
L = −
1
4
F 2 +
1
2
∇φ†∇φ+ ψ¯aγµ∇µψa , (2)
with ∇µ = ∂µ + gAµ; the masses of the fermion and scalar are left non-zero. The
vacuum value of the scalar is chosen as,
∇φ†∇φ = ∂φ†∂φ + 2gA(v + φ)⋆∂φ + c.c.+ g|v + φ|2A2 , (3)
which gives a mass to the gauge field.
The non-abelian guage theory is defined by,
L = −
1
4
F bFb +
1
2
∇φa∇φa (4)
with the covariant derivatives,
∇ = ∂ + gA ∇µφ
a = ∂µφa + g[φ,Aµ]a . (5)
The symmetry breaking could be achieved as in the standard SU(N) → U(1), with
additional interactions to give masses to the abelian fields.
One example of symmetry breaking is as follows,
φa → φa + va (6)
2
with,
∂φa∂φa + g
2f cabf dec (va + φa)(vd + φd)AbAe (7)
+ g2TrTc[Ta, Tb] (vb + φb)Ac∂
µφa . (8)
The mass term is
(va + φa)(v
a + φa)AbA
b − [(va + φa)A
a]2 (9)
The vacuum expectation values are chosen uniformly va = vηa (η
2 = 1), so that
v2A2 − v2η · A2 = v2[A2 − (
∑
ηaAa)
2] (10)
= v2
∑
(1− η2a)A
2
a − 2v
2
∑
ηaηbAaAb , (11)
which can be used to give mass to all of the the gauge fields. The gauge fixing term
could be written in axial gauge as v2(η·A)2, and makes the uniform breaking manifest.
In three dimensions, a gauge invariant mass could be generated with the topo-
logical term
m2FF˜ , (12)
without any use of the scalar fields.
The gauge scattering, with n external gauge field states, then takes on the form,
m∏
i=1
εi · ρj g
q mp1Am
p2
φ
∏
s
nij
ij
∑∏
i
B(ni, mi, wi) , (13)
with the possible tensors
ρj = ǫj or kj . (14)
The complete quantum gauge scattering then is produced by the appropriate sum-
mations on the indices in the sum in (13). This expansion depends on the helicity
configuration in (14), that is choosing the contractions of momenta or helicities as ρi,
with m ranging from n/2 to n (all polarizations or all momenta as ρi).
In the example of a three dimensional gauge field with the mass term, the form
is simpler,
m∏
i=1
εi · ρj g
Lmp
∏
s
nij
ij
∑∏
i
B(ni, mi, wi) , (15)
3
with the indices on the sum reflecting the dynamics of the three dimensional massive
gauge theory. The summations on the B functions depend on the helicity configura-
tion and the powers of the coupling.
In any theory with the mass generation for the gauge fields, and with non-zero
values for the remaining particle content, there is an expansion of the form (1), (13),
or (15), with the appropriate mass values used in their forms. The integral functions
B(ni, mi, wi) are determined. The completion of the quantum scattering is determined
by the appropriate summations of the indices. The required non-analyticity due to
unitarity, such as ln(s−m2) is found by resumming the polynomial terms.
These summations on the indices are potentially determined through a simple
context, such as the use of some analog of the Hopf algebra associated with the
tree diagrams. The determination of the sum limits in the scattering determines the
perturbative quantum scattering, with possible redundancy in the sums, and in a
general massive theory with various particle content.
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Abstract
The amplitudes in gauge theory, gravity, and gauge theories with matter are
parameterized. The coefficients of the parameterized amplitudes are required in order
to specify the complete coupling form, and in determining the couplings within the
derivative expansion. However, these parameterizations can be used in a similar
manner as a Fourier transform in a fit to experimental data over large energy ranges.
2
The computation of gauge theory amplitudes is typically complicated due to both
the loop integrals and the tensor computations. Many tools have been developed to
circumvent these difficulties. The computation of gauge theory amplitudes has been
extensively studied for many years. The parameterization of the amplitudes is useful
in their computation within the derivative expansion [1]-[11]. The general form of the
gauge theory amplitudes has uses in particle phenomenology.
The parameterization of the amplitudes has never been elucidated in a clear
context in the literature. The general form of the the pure gauge theory amplitude is
∏
εσ(i) · εσ˜(j)
∏
ερ(i) · kρ˜(j) (16)
∏
t
a˜(i)
a(i)
∏
t
b˜(i)
b(i)
∏
lnd1(i) . . . lndm(i) t
c˜(i)
c(i) . (17)
The sets σ, σ˜, ρ, ρ˜, a, a˜, b, b˜, c, c˜, dl are required in order to specify the general
form of the amplitude. In the case of massive theories there are factors of the mass
parameters. The inclusion of the fermions requires the factors
∏
ψαaψbα
∏
ψ¯α˙a ψ¯bα˙
∏
ψαi kακ(i)ψ¯
α˙,ikα˙κ˙(i)
∏
ψαi ψ¯
α˙
j εαα˙(ν(i)) , (18)
which extends from the external line factors.
There is a further group theory tensor,
∏
j
Tr
∏
i
Tγj(i) , (19)
with as many traces there are loops in the amplitude calculation. The pure gravity
amplitude, also in perturbation theory, requires the same form, except there are are
no traces; there is a doubling of the ε’s into holomorphic and non-holomorphic parts,
εi and ε¯i.
There is a numerical factor multiplying the tensor form, and is proportional to
the gauge coupling, gn−2+2L. This numerical coefficient is required to specify the
complete amplitude, and at each loop order.
The numerical factor
3
f(g,M) =
∑
bL(M)g
n−2+2L , (20)
with M representing the set of values σ, ρ, a, a˜, b, b˜, c, and c˜, dl. These coefficients
can be iteratively determined in the gauge theory derivative expansion. There is
a restriction on the number of logarithms due to the number of loops. Possible
functional forms of the scattering are,
ρM
∑
. . .
∑
Fp,q . . . Fp,q , (21)
for the gauge scattering, and termwise for the graviton scattering (which has a di-
mensionful coupling constant),
γMΓ . . .Γ/Γ . . .Γ . (22)
These forms are line with lower dimensional field theories.
However, despite the determination of the amplitudes in a straightforward calcu-
lational scheme, their form may be used to model partonic cross-sections; the linear
combination of the terms in (17) can be used to define cross-sections in the usual
manner. In other words, a large set of these terms in (17) can be used to model a
greater range in energies in particle amplitudes used in, for example, QCD or elec-
troweak cross sections. Their form, as a collective set, can model very large ranges in
energies, even without knowing the explicit coupling dependence in (20).
An interesting further question is the inversion of a general linear combination of
the terms in (17) into an effective Lagrangian and its properties.
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